Abstract-This paper deals with the synthesis of adaptive type-2 fuzzy logic controller for a class of single-input single-output system. Due to its ability in serving in universal approximation, the type-2 fuzzy logic system is used to approximate the unknown system dynamics, which will be adjusted according to the on-line adaptation laws deduced from the stability analysis. To ensure the closed loop system robustness, a modified sliding mode control signal is used. In this work, variable sliding surface is replaced by type-2 fuzzy logic system in order to reduce the starting energy without deteriorating the tracking performances. Furthermore, the knowledge of the upper bounds of the external disturbances and also the approximation errors is not needed. The global stability of the closed loop system is guaranteed in the sense of Lyapunov. As well, all signals involved are uniformly bounded. Finally, experiment results are presented to show the performance of the developed approach.
I. INTRODUCTION In the last two decades, it has been shown that fuzzy systems (FLS) and neural networks (NNs) can be considered as an approximator and hence can approximate any continuous functions on a compact set to a given accuracy [5, 59] . Based on Lyapunov stability method, many adaptive fuzzy/neural based controllers have been proposed in the literature [12, 19, 27, 33, 43, 48, 51, 52] . As in the classical adaptive control, two schemes have been proposed. The first method approximates the optimal feedback control directly. The second method indirectly generates the control law by approximating process dynamics to achieve asymptotic tracking performances [29, 30, 44, 59] . In both methods, the adjustable parameters are adjusted on-line by some adaptive laws deduced from the stability analysis. A fuzzy model (particularly the rule-based one) has a number of advantages in comparison with global nonlinear models, such as neural networks. The model structure is easy to understand and sometimes interpretable. Various types of knowledge can be integrated in the model, including statistical objects and empirical knowledge. Furthermore, fuzzy models can handle imprecise (intervals) or vague input data (fuzzy sets) [60] .
The main property that distinguishes fuzzy logic is its capacity of representing and modelling imprecision and uncertainty by giving each point in fuzzy set a value belonging to the interval [0, 1] . However, the imprecision in such classical fuzzy system, which is sometimes called type-1 fuzzy logic system (T1FLS) is not fully exploited and can deliver a non-satisfactory performance. Practically, three ways of uncertainty can be observed in FLS: (1) the used words in antecedents and consequents of rules can mean different things to different people; (2) consequents obtained by polling a group of experts will often be different for the same rule and (3) both of training data and measurements used to activate the FLS are noisy [8] .
In the last few years, a remarkable attention has been paid to another type of fuzzy system called type-2 fuzzy logic system (T2FLS). In T2FS, the uncertainty is represented using a function, which is itself a type-1 fuzzy number. The membership functions of T2 fuzzy sets have a new third dimension of type-2 fuzzy sets. The additional degrees of freedom gives the possibility to directly model and handle uncertainties and consequently, T2FLS has the potential to outperform T1FLS [16, 41] in such cases.
Such advantage is quite important if we know that modelling of linguistic information and decision making represents the main application of fuzzy logic system (FLS). Several contributions present interesting results of applying T2FLS in control engineering [6, 7, 8, 16, 17, 41, 47] . Despite the efficiency of controllers based on T2FLS, their robustness is questionable against approximation error, external disturbance and other environmental effects. To boost up controller credibility and solve the robustness issue, one of the robust control techniques should be incorporated. Considering several robust control methods, sliding mode control (SMC) has been widely explored and adopted in many different fields of applications over 30 years [57] . A fundamental property of SMC is that the control input drives the states of system to reach a predefined switching hyperplane and slide along it to an equilibrium point. Despite the simplicity of designing SMC, the implementation of the associated control switching is generally imperfect and leads to chattering which involves high control activity and may excite highfrequency dynamics and can, therefore, damage the plant [50] . The SMC technique is useful since it allows good steady state and good dynamic behaviour in the presence of system parameters variation and disturbances [10] . To get this robustness advantage and to solve chattering problem, many solutions have been proposed in the literature [3, 10, 18, 19, 34, 35, 57, 65] . The authors of [18, 58] phenomenon without requiring any particular knowledge about the upper bounds of both approximation errors and external disturbances. However, the performances of this approach depend directly on the good choice of the initial values of the used adaptive fuzzy system. Other works proposed to remove the reaching phase such that the system is on the surface at t=0 [1, 2] . Unfortunately, the structure of the modified surface does not guarantee that we have always s=0, which implies that the reaching is not completely removed. In [37] , the authors propose to use the second order sliding mode control to reduce the chattering phenomenon and two fuzzy systems to design the super-twisting control signals. As well, it's possible to use a boundary layer as in [63] . Though this approach gives goods results, it suffers from the requirement of a large computation time, which reduces its application fields In this paper, two main contributions have been introduced. The first one consists in using T2FLSs to approximate the unknown dynamics. This is motivated by the requirement to obtain good approximation despite the existence of considerable parameters variation, the possibility of dealing with the linguistic information, and the efficient modelling of system uncertainties. The used FLSs are adjusted on-line according to adaptation laws deduced from stability analysis. The second contribution is related to designing a modified SMC law, which uses a time varying sliding surface to reduce the starting energy without deteriorating the tracking performance. The considered gain in the switching signal is estimated by an adaptive T2FLS to remove the assumption on disturbance upper bound knowledge. The global stability of the closed loop system is studied using Lyapunov theory. The proposed approach is validated using a real application.
The remaining part of this paper is organized as follows: Section 2 presents a description of type-2 fuzzy logic systems. Section 3 is dedicated to the formulation and the investigation of the SISO system tracking control problem. In section 4, we present the synthesis of the proposed controller. In section 5, we validate experimentally the proposed approach using a motorized arm. Finally, section 6 summarises the main conclusion points of the paper.
II. TYPE-2 FUZZY LOGIC SYSTEMS (T2FLSS)
Objective knowledge generally used in engineering problem formulations (e.g., mathematical equations of robot model). In contrast, subjective knowledge which represent linguistic information like rules, expert information and design requirements are usually impossible to be quantified using traditional mathematics. Accordingly, two approaches have been proposed in the literature: (1) model-based approach where the objective information is represented by mathematical models and (2) model free approach where subjective information is represented by linguistic statements converted to rules. Using fuzzy logic (FL), the two forms of knowledge can be coordinated in a logical way. Furthermore, FL can be applied to the same class of problems treated by feed forward neural networks (FFNN) approach. In FFNN, subjective knowledge is not really exploited and sometimes it may be ignored. Logically, the solution of real problems will be more efficient using both types of knowledge [42] . The fuzzy sets theory of Zadeh can be considered as a mean of translating human expertise to a set of rules and hence, a fuzzy controller can be deduced [61] . The first approaches relating to fuzzy control dealt with the so-called symbolic conclusion or Mamdani controller which requires a large calculation time for rule aggregation and defuzzification [28, 45, 45] . Therefore, they cannot be used with fast systems subjected to severe real-time constraints. Furthermore, these approaches are heuristic in nature and do not provide stability and robustness analysis. In the 1980s, a second fuzzy controller approach was developed by Takagi and Sugeno (TS) [20, 53] . In this approach, the conclusions of the rules are numeric and the controllers are formulated in an analytical form to be compatible with the classic tools of control theory. Therefore, the analysis of stability and robustness become possible. Accordingly, the TS fuzzy models form a particular class of non-linear systems. Afterward, the universal approximator theorem was used by Wang to present an adaptive fuzzy TS-type controller where the conclusions are updated online [59] . However, many fuzzy control applications nowadays suffer from uncertainty problem which represent a serious challenge. For example, uncertainty about the meanings of the words and consequents used in rules, measurements that activate the FLS, and data used to tune the parameters of the FLS. The T2FLS can resolve this problem efficiently since it contains a rule-based FLS that is capable of directly modelling the uncertainties and minimizing their effects.
The idea of T2 fuzzy sets were defined and discussed for the first time by Zadeh through proposing membership grades of a fuzzy set measured with linguistic terms [63] . During the period from 1975 to 1981, some researchers studied the basics of T2 fuzzy logic [11, 13, 40] . In [14, 26, 46, 55] , the authors promoted the use of T2 fuzzy sets which was called interval-valued or IV fuzzy sets. Gorzalczany was the pioneer in the development of IVs fuzzy sets and gave diagrammatically the foot print of uncertainty (FOU) [14] . In [4] , Bustince has obtained some results about approximate reasoning that is similar to interval T2FLS (IT2FLS). In [21] [22] [23] , Karnik and Mendel defined the type-reduction and the notion of an output processing stage for T2FLS was developed in these papers. In parallel with the development of type-reduction, there was significant work going on in developing the mathematics of T2FLS for a complete description of the fuzzy inference process. Meanwhile, John and Czarnecki [36] published a series of review papers on T2FLS and since then, its application has been steadily growing. The block diagram of T2FLS illustrated in Figure ( 1) consists of five components: fuzzifier, rule base, fuzzy inference engine, typereducer and defuzzifier. The crisp inputs are first fuzzified into; in general, input-T2-fuzzy sets which activate the inference engine and the rule base to produce output-T2-fuzzy sets. These output T2 fuzzy sets are then processed by the type reducer which combines the output sets leading to T1 fuzzy sets called the type-reduced sets [9] . The defuzzifier can then defuzzify the type-reduced T1 fuzzy outputs to produce crisp outputs to the external environment. The general T2 FLS is computationally intensive and consequently, an IT2FLS will be adopted for its calculation simplicity and the evenly distribution of the uncertainty among all admissible primary memberships [31, 38] . For this reason, IT2FLS will be suitable for implementation in real time applications. For T2FLS with input
T nn x x x X X X      X and output yY  , the fuzzy system consists from the following parts:
A. Fuzzifier
The fuzzifier maps a crisp input vector with inputs into input fuzzy sets, which can be, in general, T2 fuzzy input sets [31] [32] . However, we will consider the singleton fuzzification as it is fast to compute and thus suitable for real time applications. In the Singleton fuzzification, the input fuzzy set has only a single point of nonzero membership [31, 39] .
B. Rule Base
According to [38] , the rules will remain the same as in T1FLS but the antecedents and the consequents will be represented by interval T2 fuzzy sets. For an IT2FLS with total number of IF-THEN rules in the rule base, the jth rule can be written as follows: represents a T2 fuzzy relation between the input space and the output space of the FLS.
C. Fuzzy Inference Engine
The fuzzy inference engine is a decision-making logic, which employs fuzzy rules from the fuzzy rule base to determine the mapping from X to Y . In the considered IT2FLS, we will use the product operation [39] . In an interval type-2 FLS with minimum or product t-norm, the firing interval     (2).
where x is the instantaneous value of x . 
D. Type Reducation
The output processor of a T2FLS contains two components: the first maps a T2 fuzzy set into a T1 fuzzy set and is called a type-reducer, and the second performs defuzzification on the type-reduced set. The output obtained from T2 fuzzy inference engine is T2 fuzzy set in which T1FLS defuzzification is not applicable. It is called type-reduction because this operation takes us from the T2 output sets of the inference engine to a type-1 set. The obtained type-reduced sets are then defuzzified to get crisp output. Type-reduction proposed by Karnik and Mendel (KM) [24] [25] using the cos method is expressed in equation (5) and shown in Figure ( 3) Fig. 3 Computations of IT2FLS using centre of set type reducer Another method for computing the centroid of a general type-2 fuzzy set by means of the centroid-flow algorithm can be found in [64] .
III. PROBLEM STATEMENT
Consider the following n th order non-linear single input single output (SISO) system, described by: 
where  is a strictly positive constant. The process of sliding control includes two phases: the first is the approaching phase, when 0 ) t , x ( S  , and the second is the sliding phase when 0 ) t , x ( S  . Accordingly, the classical sliding-mode approach results in the following control signal [50] :
where (16) provokes the chattering phenomena which can damage the system. Moreover, a large value of the slop  implies a fast system response. However, a too large value can lead to overshoot and even to instability while, small value of  results in a slow system response. Hence a trade-off must be found. In the next, we propose a control approach in the structure of (14) to resolve the mentioned problems.
IV. PROPOSED APPROACH
As indicated previously, using a fixed  requires a trade-off between the starting energy and the system time response. In this section, we propose to use a nonlinear surface where we start with deceleration (in the case where the tracking error is large) followed by acceleration (in the case where the tracking error is small). Accordingly, we can define a new slope as follows [15] :  is designed such that the roots of equation (18) has a negative real roots (i.e. stable).
Since the functions   fx and   gx are unknown, and the to use the same control structure (14), we use two T2FLS
, in the form (11) , to approximate them. Furthermore, to overcome the assumption on knowing the upper bound (  ) and to avoid the chattering introduced by the sign function, we substitute the switching signal
We  is provided by an additional T2FLS system. Theorem: the control law given by (19) , allows to guarantee the robustness and the stability of the closed loop system described by (12) 
The fuzzy systems
We  will be updated according to the following adaptation laws: Proof: for the mathematical study, we assume that the optimal value of the gain
It will be noted that this assumption is not restrictive and the optimal values
are needed only for the stability proof and not needed for the implementation of the control law [58] . For the clarity of the presentation, we note the approximation errors as:
From equation (18), the time derivative of the sliding surface is given by:
where
Using equation (19) , we have:
Accordingly, equation (23) can be rewritten as follows:
Introducing the optimal values of the adjustable parameters yields to:
The above equation can be rewritten as
To study the stability of the closed loop system using the proposed control law, we consider the following Lyapunov function: 
Using equation (26) , the time derivative of the Lyapunov equation can be written as:
TT fg fg
According to the adaptation laws (20)- (22), the above equation becomes:
which can be rewritten as:
4 
Based on the fact that all elements in the right side of this inequality are bounded, the term 
V. EXPERIMENTAL RESULTS
A DC motor is considered in order to verify the robust tracking of the proposed controller in which the dynamic model of the system shown in figure (4) is given by the following equation: The objective is to control the angular position in tracking problem. We will consider here that the reference signal is 2.5sin( ) d yt  . Since our system is third order (n=3), we have Three membership functions are used to cover each variable fairly. Thus we'll get 27 rules.
The choice of parameters must be done so that there is a compromise between the sampling and the rate of change of the parameters of fuzzy system. Indeed, a large adaptation gain leads to rapid changes in the approximator which requires a faster sampling interval. This can lead us to the case where time data processing and calculation is greater than the sampling. For this reason, the evolution of adaptation must be within the computation and in no way it can influence the performance of tracking. Moreover, the choice of parameters must also take into account the accuracy of the sensors to ensure better tracking performance.
The results are shown in figures (6)- (8) . Before the test, the motor was turning during 15 minutes to warm up and hence getting a variation on the electrical resistance value. The position tracking, in figure (6), shows a good tracking with a short response time. On the other hand, the tracking is remaining with an error percentage less than 3.5% as given by figure (7) . Moreover, external perturbation is tested using a manual opposition trying to resist the movement. It is clear that the controller makes the effect of such disturbance very small. It's also important to remark that the required control action does not present chattering or even discontinuity. The reference position and actual position of the motor system output (in radians) are shown in figure (6) . We note that the system tracks the reference position. However, by analysing the tracking error in figure (7) , we note the presence of error that can be explained by the presence of non-accurate connection between the motor and sensor. The main enhancement is the reduction of the position error. Comparing Figures 7 and 10 , we can remark a reduction of the percentage error (from 5% to less than 3%) and hence improving output tracking. Furthermore, the control signal has smoother variation especially around the peak values.
VI. CONCLUSION AND PERSPECTIVES
In this paper, a type-2 fuzzy logic control is developed for the control of nonlinear system in the presence of dynamical modelling and parametric uncertainties of various magnitudes. System dynamics are approximated using type-2 adaptive fuzzy systems (AFS). The control strategy is based on a variable sliding surface to obtain an optimal trade-off between control starting energy and tracking error. To alleviate the naturally inherited high computational complexity of general type-2 AFS, interval type-2 (IT2) membership functions are considered. The IT2 AFS is adjusted online through some adaptation laws. The adaptation laws of adjustable parameters are deduced analytically using the Lyapunov theorem to guarantee robustness and global stability of the closed-loop system. The efficient modelling of uncertainty occurring in control system is illustrated in the obtained results. The experimentation also shows the good tracking performance of the proposed approach with a control action free of abrupt variations and chattering. As a perspective, we intend to extend this work to include multi-input multioutput case.
